We review the general quantization of scalar fields in curved space-times and discuss the determination of the ground-state. We give an argument for the instability of the ground-state of a QFT in a semi-classical space-time of Bianchi-type I, by explicitly computing the norm of the ground-state wave functional. We find that this norm is, in general, time-dependent, and conclude that the ground-state evolution is not unitary. We argue how this violation could occur in a unitary quantum theory in analogy to open quantum systems.
Introduction
Quantum Field Theory (QFT) in curved space-time is a useful tool for studying quantum phenomena in the presence of gravitational fields. Albeit never surpassing the realm of a semi-classical approximation, in the absence of a complete theory of quantum gravity, it remains the only reliable way to investigate quantum phenomena in non-static spacetimes. Despite its limitations, the pioneering works derived a variety of interesting effects, such as the creation of particles by time-dependent gravitational fields, and furthered our understanding of quantum phenomena in cosmological settings [1] . However, the inherently perturbative setup of QFT in curved space-time as a quantum theory on a classical, nondynamic space-time immediately raises the question of the unitarity of the time evolution. An issue that seems all the more pressing due to the possibility of non-Hermitian Hamiltonians in this framework [2] .
In this article, we consider a special class of space-times, namely of Bianchi-type I, with line-element ds 2 = dt 2 − a(t) ij dx i dx j . They are of great importance in cosmology since they contain, e.g., the Friedmann universes and Kasner space-times. These space-times are globally hyperbolic, admitting the foliation of the space-time into equal-time spatial hypersurfaces and thereby a well-posed set of Cauchy data at every point in time. This enables us to utilize the Schrödinger formulation of QFT [3] , which is best suited for studying the unitarity of state evolution.
There are claims in the literature that the vacuum state of a free scalar field in these space-times, defined as the lowest energy state of the corresponding Hamiltonian, has a time-independent norm, which means that the vacuum evolution is unitary [4] . In this article, we employ the Schrödinger formalism to study the time-evolution of the norm of the wave functional in these space-times explicitly and find that the norm of this vacuum state is, in general, time-dependent. This confusion arises due to the employment of a calculation scheme that cannot be made manifestly covariant, leading to a cancellation in the time-dependences, rendering the norm of the vacuum state constant. We argue that the time-dependence of this norm is to be expected since we obtain similar results when studying open quantum systems. Here, the time-evolution also fails to be unitary, but is still accretive, so we do not lose the probabilistic interpretation of the theory.
This article is structured as follows. In Sec. 2, we review the Schrödinger formulation of quantum field theory in curved space-time with emphasis on the ground-state functional. We derive equations for its normalization and functional dependence from the Schrödinger equation. We proceed in Sec. 3 to solve the ground-state functional for Bianchi-type I spacetimes and compute the time-dependence of its norm, which is in general non-trivial. In Sec. 4, we present possible interpretations of the resulting non-unitarity. In the Appendix, we give a detailed remark on the used conventions and their covariance.
Ground State Functional and Normalization
The Schrödinger formulation of QFT is a well-known tool for quantum field theory in curved space-time, with many detailed introductions and reviews found in the literature [3] [5] . It follows by a, relatively straightforward, generalization of the usual quantization of Hamiltonian systems in quantum mechanics to a functional description of fields, with the functional Ψ[φ, t] taking the role of the wavefunction ψ(x, t). One thus obtains the following equation as an analog to the Schrödinger equation
where we have defined
and Σ t denotes a d-dimensional spatial hypersurface in the d + 1-dimensional space-time.
Here, q ab will denote the spatial metric induced by the pull back of g µν to Σ t and q = det(q ab ). Simple power-counting shows that the general ansatz for a ground-state is the following Gaussian functional
Inserting this ansatz into the Schrödinger equation and comparing coefficients of powers of φ yields the time-evolution for the normalization factor [4] i∂ t ln (N (t)) = 1 2ˆd
which is solved by
Here, we defined the functional trace Tr(K) =´d 4 x √ −g K(x, x; τ ) [6] . The Kernel satisfies the Ricatti equation
As equations (2) and (4) show, all the relevant dynamics is encoded in the kernel K(x, y; t). Up to this point, the results agree with [4] . Since we are interested in the norm of the ground-state functional, we have to compute
with
We can now proceed and try to solve the Riccati equation for the kernel directly, but for the Bianchi-type I space-times we will consider in the following, there exists a much more elegant approach via solutions ϕ(x, t) to the mode equation on the given geometry. This avenue is discussed extensively in [7] .
3 Computation for Bianchi-type I Space-times
Fourier-transformation of the Riccati Equation
For general space-times it will, of course, not be possible to find analytic solutions to Eq. (5); however, Bianchi I space-times admit a mode decomposition that enables us to employ Fourier analysis in order to simplify the calculation. In this section, we will thus specialize to space-times with line-element
We define the Fourier transformed kernel as
and insert this into (5) to obtain
where we defined Ω 2 (k; t) = q ab k a k b − m 2 − ξR, and used the following representations of the delta-distribution
Solution and Time-dependence of the Norm of the Wave Functional
The equation (10) is solved bŷ
For the computation of the norm, we will need its real and imaginary parts, which are found to be
With this at hand, we find the time-dependence of the normalization factor
in agreement with [4] .
The evaluation of the functional part of Ψ 2 is a more subtle issue, since the determinant obtained from the Gaussian integral also depends on the space-time metric, due to the definition of the functional integral and determinant, cf. Eqs. (23) and (24). This results in the appearance of a metric factor when evaluating the trace on the spatial hypersurfaces. We need to computê
which is a Gaussian integral in φ and can be evaluated, as customary, in terms of a functional determinantˆD
We use Eq. (24) to rewrite the determinant as an exponential of a functional trace, and absorb time-independent constants into the normalization. We evaluate the above expression by passing to the Fourier transformed kernelK, which is now simply a diagonal function of k and t. We obtain
where we neglected time-independent terms and used Eq. (22). This is different from the result obtained by [4] 
Note that, for a constant metric, there is no time-dependence since the equation of motion has a time-translation symmetry, hence the time-dependence of the mode functions results in a phase and thus their absolute value is time-independent. This is consistent with the obtained result showing that the time-dependence is only due to the metric. The result is thus that the norm Ψ 2 of the ground-state wave functional is in general time-dependent, and a specific choice of space-time is needed to obtain time-independent ground-states. An obvious choice is Minkowski space, where the functional is clearly time-independent, but less trivial cases include, for example, Rindler space. For cases in which there is time dependence, interesting phenomena may occur. For example, it has recently been investigated that nonunitary evolution groups, in combination with the probabilistic interpretation of the wave functional norm, provide a potential cure for conceptual problems concerning the behavior of fields near geometrical singularities [7] [8] [9] .
Discussion and Conclusions
We have shown that the time evolution of the ground-state functional in the Schrödinger picture is non-unitary in general space-times. However, at second glance, this conspicuous result cannot come as a surprise for a variety of reasons. Firstly, the Hamiltonian in a general space-time will fail to be self-adjoint or even Hermitian [2] . It is for precisely this reason that one sometimes defines the auxiliary energy operator E as the Hermitian part of H, yet the time evolution of states is nonetheless governed by H.
There are numerous results from ordinary quantum mechanics that may be generalized to the formal measure space of wave functionals that we are considering here, pertaining to the evolution of the norm of the ground-state in cases where H fails to be Hermitian. In particular, it is known that if the Hamiltonian and its adjoint are accretive, H generates a contraction semigroup [10] . In this case, which is realized in, for example, Schwarzschild or Kasner geometries [7] , the norm of Ψ is strictly monotonically decreasing in time. Moreover, it is well known that dynamic space-times lead to the production of particles and that there is no time-independent notion of a vacuum accessible in these contexts [6] . It is thus questionable that the ground-state, defined as the state void of excitations, should evolve unitarily in time.
There appear to be three possible ways to remedy this problem of non-unitary evolution. The first one is to accept the above result as fundamental and abandon the concept of a unitary time-evolution altogether. This path has been followed by Hawking to some extent [11] . This step seems a little too drastic, but in a lack of a fundamental description of gravity, it is not possible to discard this option altogether.
The other, perhaps more inviting alternative, is to remember that all of the above calculations were done in the semi-classical approximation. Thus, backreaction of the background or possible couplings to the gravitational fields were neglected. Assuming that we initially start with a fully unitary theory, including gravity, one would expect the apparent gains or losses in norm to be compensated by gravitational excitations. In this case, this example may be thought of in a manner similar to the study of open quantum systems. We think that, in principle, it is possible to start with a unitary theory describing quantum gravity and to take our ignorance of gravitational degrees of freedom properly into account to obtain a semi-classical, contractive description. For open quantum systems, this is achieved by performing a partial trace over the neglected degrees of freedom.
However, how and if the functional above can be related to the reduced density matrix obtained by tracing over the "ambient" gravitational excitations is still a topic of further investigation.
The third option is that this non-unitarity and semi-classical model is the result of a large N limit of some microscopic description of the gravitational field. Recently, a composite model of gravitational backgrounds was proposed in [12] , which obtains the classical behavior of space-time to first order in the perturbed metric as an emerging phenomenon of large occupation numbers of soft graviton modes. It would be interesting to inspect if and how unitarity is lost in this process.
The possible case of an increase in norm necessitates an external source that can only be provided by the gravitational field. Should the geometrical field act as either a source or a sink one must, of course, ascertain that the chosen background remains a good description of the underlying geometry. If it undergoes a transition, the observed effects could well be an artifact of quantization around a false vacuum.
If the evolution of Ψ 2 is contractive, one may regard this to be analogous to the scalar field immersed in a gravitational heat bath. As long as the non-unitary effects are dissipative, one can argue that the Schrödinger wave functional remains a useful tool to examine the behavior of fields qualitatively.
In conclusion, we explicitly computed the norm of the ground-state wave functional of a scalar field in a semi-classical curved background in the Schrödinger formalism. It was shown that such a functional will, in general, be time-dependent, and the exact form of the dependence is given by the metric alone. We then gave an interpretation of this violation of unitarity in terms of an analogy to the theory of open quantum systems, arguing why this could still give rise to a probabilistic and fundamentally unitary theory. However, the precise way of obtaining such a contractive time-evolution is beyond the scope of this paper and remains subject of further investigations.
A A Remark on Covariance
The given definitions in (11) are consistent with the Fourier transform
At first glance, the expressions (9) and (20) do not look covariant under coordinate transformations. However, one can make everything manifestly covariant. To do this, we would first define the inverse Fourier transformation aŝ
and the corresponding Fourier transformation (with respect to the conjugate momentum k a ) as
In this convention, both measures are invariant under coordinate transformations, and the corresponding Fourier modes are actual scalars, as opposed to scalar densities. We can relate this to the definitions in Eq. (20) by redefining the kernelK scalar (k) = √ qK density (k), meaning that the Fourier transformed Kernel as defined in Eq. (9) is not a scalar function, but transforms as a scalar density. This can be seen by the explicit form of Eq. (12), where a factor of 1/ √ q leads to such a non-trivial transformation. There is, however, no ambiguity between these conventions, and either one may be employed depending on the setting. In particular, both definitions, obviously deliver the same result for the evaluation of (analytic) functions of the kernel, as can be seen by considering the series
where repeated labels of z are integrated over with respect to d 3 z √ q. Fourier transforming this with the first convention, where no integrals carry determinant factors andK density is a scalar density, i.e. transforms like
, yields the expression
Therefore, each term in this series transforms as a scalar density, that in combination with the measure d 3 k renders it a scalar. Now consider the second convention, whereK scalar is an actual scalar and we integrate with respect to
. Evaluating the same series gives the manifestly covariant expression
The outcome of all computations is thus independent of the choice to work with a kernel densityK density or a kernel functionK scalar , as long as it is carried through consistently. For the explicit form derived in Eq. (12), we can check that they only differ by assigning the factor q − 1 2 to the kernel or to the momentum measure. To evaluate the path integral, we will make use of functional determinants and functional traces. In the spirit of manifest covariance, we will define the functional measure and and determinant to satisfy [5] Dφ exp ˆd 3 x √ qd 3 y √ q φ(x)K(x, y)δ (3) (x, y)φ(y) ∼ Det(K(x, y))
as well as Det(K(x, y)) = exp {Tr (ln(K(x, y)))} = exp ˆd 3 x √ qd 3 y √ q δ (3) (x, y) ln(K(x, y)) ,
with the functional trace defined as in [6] . These definitions consistently reproduce the flat space computations and transform covariantly, making the individual results more transparent and plausibility checks more tractable.
